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Abstract

This paper develops a theory of frontier Al racing in which the innovation prize is not an
exogenous rank prize. It is the value of newly feasible task horizons. A task has log horizon
h, capability is ¢, and completion probability is a shifted reliability curve G(¢ — h). In a
task economy with value density a¢(h), the marginal value of capability is the boundary
statistic

Bu(q) = / a()glg—hydh,  g=G"

Thus frontier value is local in task space: it depends on value density near the current
reliability boundary, not on average benchmark performance. Bounded task menus sat-
urate, while moving agentic task frontiers need not. I then embed this statistic in an
innovation-race model. A successful frontier step creates a temporary lead that decays at
rate p. The winner obtains appropriable flow value and the loser suffers defensive dis-
placement. Both are proportional to the same task-horizon step value, so the private race
prize is (m 4+ £)S:(q, A)/(r + p). Labs choose race effort in a contest for the lead, while
compute is a common input with price R(X) increasing in aggregate frontier demand X.
In symmetric equilibrium, race intensity is governed by B;(q), scaling progress e:q'(C}),
lead persistence, business stealing, and compute-rent elasticity. Relative to a joint-profit
benchmark, equilibrium over-races when the contest share-shifting value of the lead ex-
ceeds average compute cost at the joint optimum. Relative to a social planner, the sign
also depends on consumer surplus, spillovers, serving crowd-out, and safety externalities.
The contribution is a sufficient-statistic theory: AI race pressure is high when valuable
tasks are dense near the agentic-time boundary and temporary leads make that boundary

privately appropriable or defensively important.
JEL: L13, 031, 033, 140, D74.
1 Introduction

Frontier Al competition is often described as a race over model quality. That description hides

the central economic margin. Frontier systems are becoming able to complete longer tasks: a



short answer, a memo, a code change, a multi-hour debugging assignment, a multi-day software
project, or a longer chain of tool-using work. The relevant frontier is an agentic-time frontier.

This paper builds a theory around that frontier. A task has duration or effective step
length n, and I write its log horizon as h = logn. A model has capability ¢q. Capability is the
location of a reliability frontier over task horizons. Tasks far behind the frontier are already
feasible. Tasks far beyond the frontier are still too unreliable. The marginal economic value of
improvement comes from tasks close to the boundary.

The first contribution is a sufficient-statistic result. If a;(h) is the economic value density

of tasks at horizon h, and completion probability is a shifted reliability curve G(q — h), then

aaq/at(h)G(q —h)dh = /at(h)g(q — h)dh, g=0a"

This boundary statistic is the value density of tasks near the current agentic-time frontier,
smoothed by the reliability kernel. It is not the average value of all tasks and not a generic
benchmark score. If the task menu has bounded support, marginal capability value eventually
vanishes. If valuable task horizons keep appearing near the moving frontier, marginal value
can remain positive.

The second contribution is to derive the race prize from this boundary statistic. The current

frontier step has value
Si(g, A) = Wi(g + A) — Wi(g).

If a lab reaches the step first, it has a temporary lead. During the lead, the winner earns
appropriable flow value from newly feasible tasks and the loser suffers defensive displacement
through customer adoption, integration, data feedback, standards, or follow-on option value.
If the lead decays at rate p, the productive lead value and defensive loss are

mSi(q, D) BSi(g, A)

Lij=—"""~, Dy = ———~,
T+ U r+u

Thus the private race prize is not an arbitrary rank prize. It is

T+ B
r+u

Pt:Lt+Dt: St(q,A),
and locally it is proportional to the boundary statistic B:(q).

The third contribution is an equilibrium race model with compute as a common input. Two
labs choose race effort z;. Aggregate frontier demand is X = x1 + x2. The probability that
the frontier step is completed is A(X), and conditional on completion lab i wins the lead with

contest share ;/X. Compute has rental price R(X), increasing in aggregate frontier demand.



Lab i’s cost is z; R(X). In a symmetric interior equilibrium with X = 2z,

1 AX X

~N(X)(L; — Dy) + L(Lt + Dy) = R(X) + —R/(X).

2 2X 2
The first term is the private speed effect. The second is the contest share-shifting effect. The
right side is the private marginal compute cost. Substituting the lead values shows that all

task and scaling primitives enter through
Si(q, A) = e1q'(Ct)eBi(q).

This is the theory’s main race statistic.
The final contribution is a welfare comparison. A joint-profit planner for the two labs

chooses X to maximize

AX)(Ly — Dy) — XR(X).

At an interior joint optimum X7, the decentralized symmetric race has locally excessive ag-

gregate effort if and only if
AX)
XJ

This condition is interpretable. Equilibrium racing is pushed above the joint-profit benchmark

(Li + Dy) > R(X7).

when the private contest value of shifting the lead is large relative to average compute cost.
Defensive displacement ( raises this share-shifting motive even when it does not raise joint lab
surplus. Compute scarcity also matters because each lab internalizes only its own marginal
effect on the common input price.

The paper therefore differs from a generic innovation-race model. The prize is not free-
standing. The same boundary task value creates productive lead rents, defensive racing mo-
tives, and the measurable object that should be compared to compute rents. The model also
avoids the claim that racing is always socially wasteful. Relative to social welfare, racing can
be excessive or insufficient depending on consumer surplus, spillovers, serving crowd-out, and

safety externalities. The theory identifies the sufficient statistics that determine the sign.

2 Task Horizons and Boundary Value

A task consists of n > 0 effective steps. Let h = logn denote the log task horizon. A model
with capability ¢ completes the task with probability

p(g,h) = G(qg—h),

where G : R — [0, 1] is continuously differentiable, increasing, and has derivative g = G’. The

shifted form says that capability moves the reliability frontier in log task-horizon space.



The Poisson reliability case used in time-horizon discussions is

p(q, h) = exp[—exp(h — q)]. (1)

It is the shifted curve G(s) = exp[— exp(—s)], with density

g(s) = exp[—s — exp(—s)].

The 50 percent completion horizon solves G(q¢ — h) = 1/2, so h = q¢ — log(log 2). Capability is
therefore a log task-horizon shifter, up to a constant.

Let a¢(h) > 0 be the economic value density of tasks with log horizon h at date ¢t. This is
the task-based primitive of the paper. In an empirical implementation it should be built from

economically valuable work, not from exam items alone. For an interval H, define task surplus

Wi (g: H) = /H an(h)G(q — h) dh. @)

Theorem 1 (Boundary sufficient statistic). Let H be an interval. Suppose that g is bounded,
[ g(s)ds =1, and for every compact set Q C R,

/ ac(h) sup{G(q — h) + g(q — h)} dh < oo,
H qeQ

Then Wy(q; H) is differentiable and
Wi(g; H) = Bilg; H) = /H a(h)g(q — h) dh. (3)
If H=(—o0,h], Ag = [;; az(h)dh < 00, and g(s) — 0 as s — oo, then
Bi(¢;H) -0 asq— oo.

If, for a given q, there exist w > 0 and ag > 0 such that [¢ — w,q+w] C H, a;(h) > ag on that

interval, and g(s) > 0 on [—w,w]|, then

w
Bi(q; H) > ao/ g(s)ds > 0.
—w
The theorem is the paper’s first substantive object. It says that the marginal value of
capability is the value density of tasks near the current reliability boundary. Bounded menus

of limited-step tasks saturate. Expanding menus of valuable agentic tasks need not.

Remark 1 (Why the boundary statistic is Al-specific). In standard innovation-race models,

the prize is usually evogenous or summarized by a scalar market size. Here the prize is en-



dogenous to task horizons. A capability step is valuable when it moves the completion boundary
through dense economic task mass. This makes the location of task value in horizon space a

state variable for competition.

3 Scaling and Frontier Steps

The task-horizon theorem treats g as the capability index. Scaling laws map training compute

into local movements in q. Let cumulative effective compute be C', and suppose loss follows
L(C) = Lo +x(C+£K)"", Lo, Xx,k,n >0, (4)

with
q(C) = —log L(C). (5)

Let y=C+ k and b = Lo /x. Then

/ " [1+(1+ )b 77]
¢(C) = m >0, ¢'(C)=-" y2(1+b;7n)§/ <. (6)

A physical training project of size e creates e;e units of effective compute. The exact
capability step is
Aqi(C,e) = q(C + ee) — q(C),

and locally
Aqi(Cre) = ed' (C)e + 0(52). (7)

The exact task-surplus value of a frontier step is
St(q, A H) = Wi(q + A H) — Wi(g; H). (8)

For a small step,
Si(q, A; H) = ABi(g; H) + O(A?). (9)

Combining (7) and (9), the local value of a physical training project is
Si(C,e; H) =~ eyq (C)eBy(q(C); H). (10)

This is the race numerator. It is high when scaling progress is steep and when there is valuable

task density at the current agentic-time boundary.



4 Temporary Leads and Defensive Value

The model now derives the private race prize. A successful frontier step moves capability from
q to g + A, opening task-surplus value Si(q,A). The first lab to reach the step receives a
temporary lead. The lead ends at an exponentially distributed time 7 with rate p > 0, repre-
senting catch-up, diffusion, imitation, open-source replication, worker mobility, or independent
rediscovery. The discount rate is r» > 0.

During the lead, the winner can appropriate flow share m > 0 of the newly feasible task
surplus. The loser suffers flow defensive displacement 8 > 0 times the same task-surplus
band. The parameter [ captures customer lock-in, data feedback, integration loss, standards
displacement, and follow-on option value. It is not a free-standing harm parameter; it loads

on the same boundary task value.

Lemma 1 (Temporary lead value). Let S = Si(q,A). If the lead duration T is exponential
with rate p, then the winner’s productive lead value and the loser’s defensive loss are
S BS

Lig.a)= "2 Ded)= (1)

The private prize from shifting the lead from the rival to the lab is

_TtBy

P(Qv A) = L(Qv A) + D(Qv A) "+ t(Q> A) (12)

Locally,

P(Ce)~ T i erd (C)eBi(q(C)). (13)

This lemma is the main conceptual difference from a generic race model. Productive
innovation value and defensive race pressure are generated by the same task-horizon boundary.
If B = 0, racing is only about appropriating productive flow. If 8 > 0, falling behind makes
the same task band strategically important even when the step is not very profitable in joint

terms.

5 Equilibrium Race Intensity

Two symmetric labs choose race effort x; > 0. Let X = x1 + x2. The probability that the
frontier step is completed in the relevant race window is A(X), where A(0) = 0, A’ > 0, and
A” < 0. Conditional on completion and X > 0, lab ¢ wins the temporary lead with contest

share
Zj
X.
Compute is a common input. The rental price of frontier compute is R(X), with R(X) > 0
and R'(X) > 0. Lab i’s compute cost is z; R(X). Given L = L(q,A) and D = D(q,A), lab #’s

oi(wi, x5) =



expected payoff is
Ui(.%i,.l‘j) = A(X){O‘iL — (1 — O'Z)D} — sz(X) (14)

Proposition 1 (Symmetric race condition). Any interior symmetric equilibrium x; = x; =
x >0, with X = 2z, satisfies

%A’(Qa:)(L — D)+ A(zxx) (L + D) = R(2z) + 2R (22). (15)
Equivalently, in aggregate effort X,
%A’(X)(L ~ D)+ AQ(?(L + D) = R(X) + %R’(X). (16)

Using (11), the private marginal race value is

St((LA) 71-_/3 !

T+ B
AN (X
T+ 2 (X) +

2X

AX)|. (17)

Locally, Si(q, A) ~ erq' (Cy)eBy(q). Hence task values and scaling laws affect equilibrium race
intensity only through the boundary statistic By(q:) and the local scaling step erq’ (Cy)e.

The proposition separates two forces. The speed term A’(X)(L — D)/2 is valuable when
completing the step sooner has positive net joint value for the two labs. The share-shifting
term A(X)(L+ D)/(2X) is valuable because unilateral effort increases the probability that the
lab, rather than its rival, receives the lead. Defensive displacement [ raises the share-shifting

term even though it lowers the net joint value L — D.

Corollary 1 (Boundary-density comparative statics). Suppose the interior symmetric equilib-
rium is unique, the private marginal value in (16) is decreasing in X, and the private marginal
compute cost is increasing in X. If the bracketed term in (17) is positive, equilibrium aggre-
gate race effort is increasing in the boundary task statistic By(qt), scaling efficiency e, the local
scaling slope ¢'(Cy), and lead persistence 1/(r + u). It is decreasing under an upward shift in

the compute-rent schedule R.

The corollary gives the paper’s main prediction. Frontier racing should be intense when
valuable tasks are dense near the current agentic-time frontier, when scaling still moves that

frontier, when temporary leads are persistent, and when compute rents are not too high.

6 Joint-Profit and Social Benchmarks

The decentralized equilibrium is not automatically inefficient. It must be compared to a

benchmark. Start with the joint-profit benchmark for the two labs. Since one lab’s defensive



loss is the other lab’s competitive advantage, the total lab payoff from completing the step is
L — D. A joint-profit planner choosing aggregate effort X solves

max A(X)(L = D) = XR(X), (18)

An interior joint optimum X7 satisfies
N(X7)(L - D) =R(X7)+ X'R'(X). (19)

Proposition 2 (Private over-racing relative to joint profit). Assume the symmetric private
equilibrium and the joint-profit solution are interior and locally unique. At an interior joint
optimum X, decentralized symmetric effort is locally higher than the joint-profit benchmark
if and only if
A(XY)
X

Using temporary lead values, this is

(L+ D) > R(X’). (20)

AXT)m+ 8

TH”S@, A) > R(X7). (21)

Locally, Si(q, A) ~ e1q' (C)eBi(qt).

The over-racing condition is the sharper version of the simple dissipative race region. It says
that the private contest value of reallocating the lead must be high relative to average compute
cost at the joint optimum. The condition becomes easier to satisfy when the boundary task
band is valuable, when defensive displacement is high, or when leads last longer. Compute
scarcity enters through R(X) and through the joint optimum X7. In the private first-order
condition each lab internalizes only X R'(X)/2, while the joint planner internalizes X R'(X).

A social planner may disagree with the joint-profit planner. Let S}V (g, A) denote the
total social surplus from the frontier step, including consumer surplus and nonappropriated
productivity gains. Let ¥(X) denote external costs of aggregate frontier compute, including
serving crowd-out, grid constraints, safety externalities, or other costs not priced into R(X).

The social planner solves

max ACX)SH (g, 4) ~ XR(X) - W(X), (22)
with interior condition
N (XS (g, A) = R(X®) + XFR/(X®) + ¥'(X7). (23)

Thus a private Al race can be socially excessive or socially insufficient. Defensive displace-



ment and unpriced compute externalities push toward excessive racing. Consumer surplus,
knowledge spillovers, and low appropriability push toward insufficient racing. In all cases, the

task-horizon boundary statistic remains the object that maps capability into frontier value.

7 Measurement Implications

The theory is a theory paper, but it is disciplined by measurable sufficient statistics. The

empirical object is not average benchmark performance. It is

Byi(q) = /at(h)g(qt — h)dh.

Time-horizon evaluations discipline ¢;: they estimate the human-time duration of tasks an
agent can complete at a fixed success probability. GDP-style task evaluations discipline a;(h):
they identify economically valuable deliverables and attach labor time, cost, and quality com-
parisons. Scaling studies discipline ¢’(C;) and e;. Compute markets discipline R(X) and
R'(X). Lead half-lives discipline u. Product-market evidence disciplines 7w and .

The model implies a break-even exercise. For a candidate frontier step, estimate or bound

T+ 0
T

e (Cr)eBi(q), R(X), R'(X), AX).
These objects determine decentralized race intensity through (16), joint over-racing through
(21), and social racing through (23). Public data alone usually cannot sign all wedges. But

the theory says exactly which private primitives are missing and how they enter.

8 Conclusion

The paper’s central claim is that frontier Al racing is a task-horizon race. Capability moves a
reliability frontier over economically valuable task horizons. The marginal value of a capability
step is therefore local to the boundary. Temporary leads convert the boundary task band into
productive rents and defensive losses. Compute scarcity converts aggregate race intensity into
a common-input externality.

This structure gives a theory contribution beyond a reduced-form race matrix. The in-
novation prize is derived from a task economy; defensive racing is derived from temporary
lead dynamics; and equilibrium effort is characterized by a contest with common compute
rents. The same sufficient statistic, B;(q;), governs productive value, defensive pressure, and

the empirical break-even exercise.



A Proofs

Proof of Theorem 1. Differentiate (2) with respect to ¢:

0

—G(qg—h) = —h).

B4 (¢—h)=g(g—h)
The domination assumption permits differentiation under the integral sign and gives (3). If
H = (—o0, h], then for every fixed h < h, ¢ — h — 00 as ¢ — o0, so g(q — h) — 0. Since g is
bounded and a; is integrable on H, dominated convergence implies B;(q; H) — 0. If a;(h) > ag
on [q — w,q + w], then

+w
BigH)za [ glq—hdn
q—w
With s = q — h, this equals
ao/ g(s)ds > 0.
O
Derivation of (6). Write y = C' + k and b = L /x. Then
L(C) = xy (1 + by")
and
q(C) = —log x + nlogy — log(1 + by").
Differentiating gives
byt
Joy=" b
y  1+bym  y(l+ by
Differentiating again gives
1+ (14 n)by"]
! C — _77[
7C) y? (14 byn)?
O

Proof of Lemma 1. For an exponential lead duration 7,

T o0 o 1
E [/ e_”dt] = / e " Pr(t > t)dt = / e~ (rHmtgr — .
0 0 0 Tt p

Multiplying this duration factor by the winner’s flow payoff 75 and the loser’s flow loss S

gives (11). The private prize from increasing the probability that the lab wins rather than
loses is L + D, which gives (12). The local approximation follows from (10). O

10



Proof of Proposition 1. For X > 0,
U, = A(X){O’Z'(L + D) — D} — sz(X)

The derivative of the contest share is

80’,‘ Zj

ox; - (xz +a:j)2'

At a symmetric profile z; = z; = z, X = 2z, 0, = 1/2, and 00;/0x; = 1/(4x) = 1/(2X).

Therefore

oU; L—-D L+ D
L= AN(X)"—— +AX)~——— — R(X) —zR(X).
v a0 - R0 —aR (0
Setting this equal to zero gives (15) and (16). Substituting (11) gives (17). Substituting the
local frontier value (10) gives the final statement. O

Proof of Corollary 1. Under the stated monotonicity and uniqueness assumptions, the equi-
librium aggregate effort X* is defined by equality between a decreasing private marginal value
schedule and an increasing private marginal cost schedule. If the bracketed term in (17) is
positive, increasing Bi(qt), et, ¢'(Cy), or 1/(r + u) shifts the private marginal value schedule
upward and therefore raises X*. An upward shift in R shifts the private marginal cost schedule

upward and lowers X*. O

Proof of Proposition 2. The joint-profit first-order condition is (19). Evaluate the decentral-
ized private marginal payoff (16) at X”/. Using A/(X7)(L — D) = R(X’) + X/ R'(X”/),

MP(x7) = éA’(XJ)(L _D)+ Az(j((j) (L + D) — R(X”) - X;R’(XJ)
_A(XT) 1
= 7 (L+D)— 5R(XJ).

The decentralized equilibrium lies locally above the joint-profit benchmark exactly when this
private marginal payoff is positive at X“. This is equivalent to (20). Substituting (11) gives
(21), and the local boundary approximation follows from (9) and (7). O
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